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Formulas are given for the effective volumes and effective
surfaces for cylindrical rods that have been loaded in flexure.
Strength scaling for specimen size usually is dependent on
whether the flaws are volume- or surface-distributed. Flexural
loadings of rods of constant diameter are an exception. The
ratio of three-point flexural strengths to four-point flexural
strengths is independent of whether the flaws are volume- or
surface-distributed. Rods that have been tested in flexure do
not expose much material to the maximum stresses. Large rods
produce strengths that are comparable to common standard-
sized rectangular bend bars for volume flaws. For surface
flaws, smaller rectangular bar specimens actually have larger
effective surfaces.

I. Introduction

WEIBULL effective volumes and surfaces are used to scale
ceramic strengths from one component size to another, or

from one loading configuration to another.1 Larger specimens or
components are likely to be weaker, because of the greater chance
of them having a larger, more-severe flaw. The Weibull weakest-
link model2 leads to a strength dependency on component size:
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where �1 and �2 are the mean (or median or characteristic)
strengths of specimens of type 1 and 2 (which may have different
sizes and stress distributions), VE1 and VE2 are the effective
volumes, and m is the Weibull modulus. A unimodal flaw
population that is uniformly distributed throughout the volume and
a Weibull two-parameter distribution are assumed. Additional
information on the Weibull model and its correlation to flaw-size
distributions may be found in the work by Jayatilaka and
Trustrum3 and Danzer.4

In the simplest case of direct uniform tension, VE is assumed to
be the specimen volume V. Many specimens or components such
as flexural loaded rods or bars have stress gradients and VE � V.
Sometimes, the relationship between the two is expressed as VE �
KV, where K is the loading factor and V is the total volume within
the outer loading points. VE is the volume of a hypothetical tensile
specimen, which, when subjected to the stress �max, has the same
probability of fracture as the flexure specimen stressed at �max. In
other words, a flexure bar of volume V is equivalent to a tensile
specimen of size VE.

If surface flaws predominate, then the strength scales with the
effective surface areas (SE):
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Usually, the strength ratios predicted by Eqs. (1) and (2) differ.
Fractographic analysis should be undertaken to determine the
spatial distribution of the flaws. Even if fractographic analysis is
not possible, strength ratios from actual data for two component
configurations may be compared to the predicted ratios to infer
whether the flaws were surface- or volume-distributed. An earlier
work,5 which was a review of the flexural-strength test method,
includes a list of cases wherein flexural-strength data correlated
well with data from other test geometries or even components
when scaled in accordance with Eqs. (1) or (2).

Tabulations of formulas for VE or SE for square or rectangular
beam specimens loaded in flexure are readily available (see, for
example, the work in Davies,1 Weil and Daniel,6 or my companion
paper7); however, formulas for cylindrical rods are more difficult
to find or are incomplete.8–13 For illustrative purposes, effective
volumes for two simple cases are derived below and then a
complete tabulation is furnished. The formulas are applied to two
problems: (i) scaling strengths of rods of constant diameter and (ii)
a comparison of predictions of strength scaling to actual data from
rods and rectangular bars for a silicon nitride.

II. Weibull Effective Volume

Figure 1 shows the flexural loading configurations. The effec-
tive volume, VE, is given by

VE ��
V

� �x

�max
�m

dV �for �x � 0� (3)

where V is the total volume of the flexure specimen between the
outer loading points, �x the uniaxial tensile stress along the x-axis,
and �max the maximum outer fiber tensile stress. �max is the
reference stress that is conventionally used for Weibull scaling for
the purposes of comparison. The integration is performed over the
portions of the specimen that are stressed in tension. The effective
volume for a rod of radius R and length LT for the case of uniform
bending (Fig. 1(a)) along the beam length is

VE � LT �
A

� �x

�max
�m

dA (4)

where A is the rod cross-sectional area. Referring to Fig. 2, the
stress varies linearly with distance from the neutral axis (r):

�x � � r

R��max (5a)
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and

dA � 2� dr (5b)

and

� � �R2 � r2�1/ 2 (5c)

dA � 2�R2 � r2�1/ 2 dr (5d)

Then, combining Eqs. (4) and (5) yields
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The solution for the definite integral, and using V � LT�R2, leads
to
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where G is a combined gamma function:

G �

	�m � 1

2 �	�3

2�
	�m � 4

2 � (7b)

G is shown in Fig. 3 for the range of Weibull moduli that are
typical of ceramic strength distributions. The effective volume for

a three-point flexure specimen of length L between the outer spans
(Fig. 1(b)) is given as
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�x varies not only with r but also with position along the x-axis:
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Then,
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Effective volumes for other configurations are listed in Table I.

III. Weibull Effective Surfaces

Effective surfaces may be similarly derived:

SE ��
S

� �x

�max
�m

dA (11)

Fig. 1. Beam loading configurations.

Fig. 2. Cylinder cross-section for the effective volume and surface
analyses. For the effective volume, the material in the shaded zone 2l dr is
integrated over the cross section. For the effective surface analysis, the
surface length dS is integrated over the periphery. The insert shows details
of the surface length geometry.

476 Journal of the American Ceramic Society—Quinn Vol. 86, No. 3



where the integration is performed over all tensile loaded surfaces.
For a cylindrical rod of total length LT in uniform bending (Fig.
1(a)) and referring to Fig. 2:
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The insert in Fig. 2 shows

dS �
dr

�1 � �r/R�2�1/ 2 (13)

Then,
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The factor of 2 comes from the surface elements on both sides of
the cross section. The definite integral in the last term on the right
is similar to, but not exactly the same as, that for the effective
volume problem. Substituting for the definite integral gives
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2LT
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2
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This combined gamma function G� is very similar to, but not
exactly the same as, the combination G for effective volume. The
two are related:

	�n � 1� � n	�n� (16a)

thus,

	�3

2� �
1

2 �	�1

2�� (16b)

and
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such that
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The total area S between the outer loading points is 2�RLT;
then, the effective surface for the uniformly stressed rod is given
as

SE � LTRG� � LTR�m � 2�G �
S

2

�m � 2�G (19)

The effective surfaces for other flexure configurations are given in
Table I.

Earlier it was stated that strength scaling for size requires
knowledge of whether flaws are volume- or surface-distributed.
Although this is true for most general conversions, some flexural-
strength conversions are curious exceptions. From Table I and Eq.
(1), comparing three-point to four-point 1/4-point flexure strengths
of different length rods of the same diameter (2R) gives
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Also,
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The strength ratios are identical, irrespective of the fixture span
lengths. Similarly, scaling strengths between any two rod flexural
loadings can be shown to give the same volume and surface ratios,
provided that the rod diameter is constant. This surprising coinci-
dence of the strength ratios also applies to rectangular flexure
specimens, provided that the beams have identical cross-sectional
size.7

An illustrative example wherein rod strengths are compared to
rectangular bar strengths is shown in Fig. 4, which shows data for
a commercial sintered reaction-bonded silicon nitride (SRBSN) in
which both specimen types broke from almost-identical machining
crack flaws. Matching flexural-strength sets of rods and bars that
have been prepared from the same material, with the same
machining conditions, and that fracture from the same flaw types,
are quite rare. These data were collected as part of a large study on
the effects of machining on rod and bar strengths for this particular
material.14 Preliminary results have been published previously.15

Hundreds of specimens were ground using a variety of procedures,
fractured, and then fractographically examined. Data sets usually
comprised thirty test specimens; however, in some instances, as
few as ten specimens were tested, because of material availability
or machining limitations. The strength distributions varied greatly
depending on the machining conditions and the flaws that were

Fig. 3. G, the combined gamma function, as a function of Weibull
modulus, m.
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activated by the strength tests. Rods often had different strengths
than comparably machined bars. The example shown in Fig. 4 is
one of the few instances wherein the rods and bars were ground to
the same specification and had almost-identical machining flaws.
Thorough fractographic analysis on every specimen conclusively
confirmed that the strength-limiting flaws were parallel machining
cracks, 10–15 
m deep, in both the bars and the rods. Some of
these flaws were linked with inherent material flaws, such as pores
or agglomerates. Machining cracks are surface-distributed flaws
by definition, according to ASTM Standard C 1322,16 and it was
appropriate to apply Weibull area scaling to compare the strengths.

The rods were 6.0 mm in diameter and 110 mm long and were
transversely ground with a 600 grit diamond wheel. The rods were
tested on a four-point flexure fixture with 40- and 80-mm spans.
The bars were four-point flexure specimens with dimensions of 3
mm � 4 mm � 50 mm, prepared in accordance with ASTM
Standard C 1161, and were tested on 20- and 40-mm spans. The
surface finish of the rods and bars were almost the same: Ra �
0.140 and 0.094 
m, respectively. (Ra is average roughness.)
Additional details on the material and the testing conditions are
given in the work by Quinn et al.14

Figure 4 shows that the rods were slightly stronger than the bars.
The Weibull parameters were estimated in accordance with ASTM
Standard C 1239.17 The characteristic strengths (735 and 754
MPa) are not statistically significantly different, given the small

sampling size (n � 10).†,17,18 Nevertheless, it is instructive to
compare rod and bar strengths by Weibull scaling for illustrative
purposes. The bars actually had a larger effective surface than the
rods: 85.0 mm2 versus 58.8 mm2, respectively. For this calcula-
tion, an average Weibull modulus of m � 27.4 was arbitrarily
used; however, the conclusion is still valid for a wide range of m
values. These are 15.2% and only 3.9% of the bar and rod total
surfaces. Note the much-better surface efficiency of the rectangu-
lar bars. Equation (2) predicts that the bars should be 1.7% weaker
than the rods, which is similar to the data that shows a 2.5%
difference. Of course, the small sampling size (n � 10) causes
significant uncertainty in these comparisons; however, m values
from as low as 12 to as high as 36 do not change the simple
conclusion that the bars have more effective surface than the rods
do.

Although fractography conclusively proved that flaws were
surface-distributed in this instance, it is instructive to compare the
effective volumes. Although the rods were much larger than the
bars, the Weibull effective volumes were similar: 6.00 mm3 and

†The Weibull parameters were estimated by a maximum likelihood analysis, in
accordance with ASTM Standard C 1239. The 90% confidence bounds on the Weibull
modulus estimates are 19.9–48.6 and 10.4–25.6 for the bars and rods, respectively.
The bounds for the characteristic strengths are 723–747 MPa and 732–777 MPa,
respectively. Confidence bound factors may be obtained from Tables 2 and 3 in
ASTM Standard C 1239, which, in turn, are taken from the original work by Thoman
et al. (Ref. 17).

Fig. 4. Rods and bar strengths for SRBSN. The characteristic strength and Weibull modulus is shown for each set.

Table I. Effective Volumes and Surfaces for Flexural Loaded Cylinders†

Configuration Effective volume, VE Effective surface, SE

Uniform bending V(1/�)G S[(m � 2)/(2�)]G
Three-point V(1/�)[1/(m � 1)]G S[(m � 2)/(2�)][1/(m � 1)]G
Four-point, general‡ V(1/�){1/[2(m � 1)]}[4n � 2(m � 1)(1 � 2n)]G S[(m � 2)/(2�)]{1/[2(m � 1)]}[4n � 2(m � 1)(1 � 2n)]G
Four-point, 1⁄4-point V(1/�){(m � 2)/[2(m � 1)]}G S[(m � 2)/(2�)]{(m � 2)/[2(m � 1)]}G
Four-point, 1⁄3-point V(1/�){(m � 3)/[3(m � 1)]}G S[(m � 2)/(2�)]{(m � 3)/[3(m � 1)]}G

†Note the similarities in the constants. The surface constants differ from the volume constants by (m � 2)/2. V is the total volume between the outer loading points (�R2L), and
S is the total surface (2�RL). ‡The inner loading points are located at a distance nL inward from either outer support point. For example, for four-point, 1⁄4-point loading, n � 1⁄4.
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4.44 mm3, respectively. It is remarkable how inefficient the
flexural loaded rods are, in regard to sampling the volume. The
effective volume of the rod was only 0.27% of the entire volume
(6.00 mm3/2262 mm3), whereas the effective volume of the bars
was 0.91% of their entire volume. Equation (1) predicts that the
smaller bars should be 1.2% stronger than the rods; however, this
observation is opposite of the outcomes shown in Fig. 4.

This example demonstrates a key point about rod flexural-
strength data. The physically larger rods had only slightly larger
Weibull effective volumes than common rectangular specimens.
On the other hand, the rods actually had smaller effective surfaces.
This phenomenon is because rectangular bend bars have a large
flat portion on the bottom in the inner gauge section that experi-
ences the full �max.

Studies that feature direct comparisons of flexural strengths of
rod and bar specimens that have been comparably prepared are
uncommon. Newnham19 tested as-fired reaction-bonded silicon
nitride specimens with either 4 mm � 4 mm square or a
4-mm-diameter round cross sections. The strengths differed by
only 0%–5%, depending on whether fixtures with rolling or fixed
loading pins were used. Test-method errors from frictional con-
straints in the fixed-pin fixtures interfered with the strength
comparisons. Stanley and associates at Nottingham8 evaluated
identical as-fired reaction-bonded silicon nitride also with 4 mm �
4 mm square and 4-mm-diameter round specimens with four-point
1⁄4-point flexure with 50-mm spans. The strengths of square
specimens and circular specimens were indistinguishable. In a
recent design project for ceramic diesel valves, Andrews et al.20

compared strengths from rectangular and rod flexure tests to the
strengths of valves that had been loaded in direct tension. Weibull
size scaling of strength could not account for the observed strength
differences, which suggests that different flaws may have been
created in the different specimen types.

IV. Conclusions

Weibull effective surface and volume relationships for rods that
have been tested in flexure are derived. Flexural loading of rods is
inefficient for either volume- or surface-distributed flaws. Strength
scaling ratios are independent of whether the flaws are surface- or
volume-distributed for rods of the same diameter, irrespective of
the rod length.
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